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149. 


ON THE SYMMETRIC FUNCTIONS OF THE ROOTS OF CERTAIN 
SYSTEMS OF TWO EQUATIONS. 


[From the Philosophical Transactions of the Royal Society of London, vol cxtvul. for the 
year 1857, pp. 717—726. Received December 18, 1856,—Read January 8, 1857.] 


SUPPOSE in general that $4 —0, w=0, &c. denote a system of (n —1) equations 
between the n variables (a, y, 2, ...), where the functions d, «y, &c. are quanties (ie. 
rational and integral homogeneous functions) of the variables. Any values (a, wi, z, ...) 
satisfying the equations, are said to constitute a set of roots of the system; the roots 
of the same set are, it is clear, only determinate to a common factor prés, ie. only 
the ratios inter se and not the absolute magnitudes of the roots of a set are deter- 
minate. The number of sets, or the degree of the system, is equal to the product 
of the degrees of the component equations. Imagine a function of the roots which 
remains unaltered when any two sets (a, %, Z, ...) and (a, ys, Zz, ...) are interchanged 
(that is, when a, and z,, y, and y, &c. are simultaneously interchanged), and which is 
besides homogeneous of the same degree as regards each entire set of roots, although 
not of necessity homogeneous as regards the different roots of the same set; thus, 
for example, if the sets are (a, Yı), (a ys) then the functions ez, 8Y + LA, YY 
are each of them of the form in question; but the first and third of these functions, 
although homogeneous of the first degree in regard to each entire set, are not homo- 
geneous as regards the two variables of each set. A function of the above-mentioned 
form may, for shortness, be termed a symmetric function of the roots; such function 
(disregarding an arbitrary factor depending on the common factors which enter implicitly 
into the different sets of roots) will be a rational and integral function of the coefficients 
of the equations, ie. any symmetric function of the roots may be considered as a 
rational and integral function of the coefficients. The general process for the investi- 
gation of such expression for a symmetrie function of the roots is indicated in Pro- 
fessor Schláflis Memoir, “Ueber die Resultante eines Systemes mehrerer algebraischer 
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Gleichungen,” Vienna Transactions, t. Iv. (1852). The process is as follows:—Suppose 
that we know the resultant of a system of equations, one or more of them being 
linear; then if @¢=0 be the linear equation or one of the linear equations of the 
systern, the resultant will be of the form ¢,¢,..., where $,, $a, &c. are what the 
function $ becomes upon substituting therein the different sets (a, yi, 2 ...), (£2, Yos 2s...) 
of the remaining (n—1) equations y~=0, y¥=0, &e.; comparing such expression with 
the given value of the resultant, we have expressed in terms of the coefficients of the 
functions «Xv, xy, &c., certain symmetric functions which may be called the fundamental 
symmetric functions of the roots of the system 4v —0, y —0, &c.; these are in fact 
the symmetric functions of the first degree in respect to each set of roots. By the 
aid of these fundamental symmetric functions, the other symmetric functions of the 
roots of the system yw=0, « —0, &c. may be expressed in terms of the coefficients, 
and then combining with these equations a non-linear equation ®=0, the resultant 
of the system P — 0, 4, — 0, X — 0, &c. will be what the function ®,®,... becomes, upon 
substituting therein for the different. symmetric functions of the roots of the system 
wv=0, x=0, &c. the expressions for these functions in terms of the coefficients. We 
thus pass from the resultant of a system $ —0, 4c — 0, x — 0, &c., to that of a system 
Q—0, ~=0, y 20, &c, in which the linear function. $ is replaced by the non-linear 
function ® By what has preceded, the symmetric functions of the roots of a system 
of (n — 1) equations depend on the resultant of the system obtained by combining the 
(n—1) equations with an arbitrary linear equation; and moreover, the resultant of any 
system of n equations depends ultimately upon the resultant of a system of the same 
number of equations, all except one being linear; but in this case the linear equations 
determine the ratios of the variables or (disregarding a common factor) the values of 
the variables, and by substituting these values in the remaining equation we have the 
resultant of the system. The process leads, therefore, to the expressions for the 
symmetrie functions of the roots of any system of (n— 1) equations, and also to the 
expression for the resultant of any system of n equations. Professor Schlafli discusses 
in the ‘general case the problem of showing how the expressions for the fundamental 
symmetrie functions lead to those of the other symmetric functions, but it is not 
necessary to speak further of this portion of his investigations. The object of the 
present Memoir is to apply the process to two particular cases, viz. I propose to 
obtain thereby the expressions for the simplest symmetric functions (after the funda- 
mental ones) of the following systems of two ternary equations; that is, first, a linear 
equation and a quadric equation; and secondly, a linear equation and a cubic 
equation. 


First, consider the two equations 


(a, b, c, f, g, he, y, 2} — 0, 
(a, 8, yo, Y, z) =0, 


and join to these the arbitrary linear equation 


(E N, Cha, Y, £) — 0, 
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then the two linear equations give 
wy: 2=88—9n : yë — at : an BE; 


and substituting in the quadratic equation, we have for the resultant of the three 
equations, 


(a, b, o, f, g, MEBE— yn, vE — a an — BEY — 0, 
which may be represented by 
(a, b, e, f, g, hi n, £y —0, 


where the coefficients are given by means of the Table. 


a b c 
a= +7 +e 
b=| +7? +a 
c=| +f +a? 
f| “py 
c= ae) i 
i — af 


viz. a= by? + cB? — 2fBy, &c. 
But if the roots of the given system are 


(m$, Yis 4) (a, Yas 23), 


then the resultant of the three equations will be 


(11, Yr; 2 UE, 7) E) » (Tz, Ja; Z UE, n, €)=0; \ 


and comparing the two expressions, we have 


& = BX, 
b= ys 
€ = 2,2, 


2f = Ya + Y2, 
2g = 2,9, + 2X, , 
2h = Va + Vy, 


which are the expressions for the six fundamental symmetric functions, or symmetric 
functions of the first degree in each set, of the roots of the given system. 


By forming the powers and products of the second order a’, ab, &c., we obtain 
linear relations between the symmetric functions of the second degree in ‘respect to 
each set of roots. The number of equations is precisely equal to that of the 
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symmetric functions of the form in question, and the solution of the linear equations 
gives— 


p? — Vus, 
= 22 j 


be = 4,219323 

CA = 2,02 els , 

ab = 2,123, 
4f* — 2be = yz? + yèz, 
4g? — 2ca = z?v? + 2.2m, 


4h? = 2ab = vy? + wry’, 


2af = LY Zla + Zio, 
2bg = YY + AYY, 
2ch = £wsz». d Mig. , 


Agh — 9af = BYZ + LPY, 
4hf — 2bg = yz, + 42m, 
Afg — 9ch = Zi yy. E. E Zo lf > 


2bf = YYZ + YPY , 
20g = z?2,2, + 292, , 


2ah = WPL Ya + Q3 LY: 1» 


2cf = Z1 Yaa Twu€ya, 
2ag = V Zla F 232,0, , 
2bh = YEY + YFL. 

Proceeding next to the powers and products of the third order a?, a'b, &c., the 
total number of linear relations between the symmetric functions of the third degree 
in respect to each set of roots exceeds by unity the number of the symmetric functions 
of the form in question; in fact the expressions for abe, af*, bg?*, ch?*, fgh, contain, 
not five, but only four symmetrie functions of the roots; for we have 

abc = VA, . VoYoZo, 
4af? = (ay yit? + tyeta) M 2a, Y121VoYo%o, 
4bg* = (Y YN Sbi 9a, fon?) or 2YIL Ya, 
4ch? = (zm zy? + 902,91) T LYLY; 
8fgh = (my x? + myta? ) | 
H(A ye? HYNN) p OYLY, 


+ (2,072.07 + Zyty Zo yy 
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and consequently the quantities a, b, c, f, g, h, are not independent, but are connected 


by the equation 
abe — af? — bg? — ch? + 2fgh = 0, 


an equation, which is in fact verified by the foregoing values of a, &c. in terms of 
the coefficients of the given system. 


The expressions for the symmetric functions of the third degree .considered as 
functions of a, b, c, f, g, h, are consequently not absolutely determinate, but they may 
be modified by the addition of the term X (abc — af? — bg? — ch? + 2fgh), where X is an 
indeterminate numerical coefficient. 


The simplest expressions are those obtained by disregarding the preceding equation 
for fgh, and the entire system then becomes: 


a? = cy, 
b? = Y Yd 
cè = A ; 


pe = YZY 2e, 

ela zv, 

ab = y ig ys, 

be? = y2 Y2, 

ca? = zy? zs, 

ab? = 2,74, 

abe = LYLY 22, 
2af — ayez + ayuno, 
2b'g = YPEY X Yo zr yy, | 
2ch = zm? + zy, 


2a'g = ging? + 282,02, 
9b?h = YPEY + ysayy?, 
2cf = APYE + zy, 
2a7h — — az), yz), 
2b*f = YELEY + YTY, 
2eg = 2EY? n 25y,°2, P 


2bef = YAY + Yo 2,2, , 
2cag = 2N? + ijma, 
2abh- zy? + wym, 


2beg = yY,2 EY + YNY , 
2cah = BLP az. + 2LF CY , 
2abf = £y LYZ + 33/3 0,:3/,2; , 
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2beh= gyj*zusyszs + Y YA 

2caf = PLL Y + ZLY » 

2abg = WBPYLYZa + LYM YZ, 
4af* —2abe= amy,22 Pa, + LYEN, 
4bg? — 2abe = y,27aPy, + yz, 


Ach? —2abe = 20,7y,%2, + zv, 


4bf* — 2b% = YYZ + YPY, 
4cg? — 3208 = ZUM + zo, 
4ah? — 2a?b — Qs + LPY, 


4cf! —2be? = 2EY 2 + 2)y)24, 
4ag? -— 2ca? = 0 8,00. + aie Sw, 


Abh? —2ab? =  yjxMy. tyjv), 


4agh — 2a?f = 2S nyt, + amy, 
4bhf e 92b? = Vi LYZ + YPY H 
4cfg — 2ch = PLY + zy, 


4bgh — 2abf = 22,44 + YRL Y, 
4chf —2beg= z?eyzs + 2Pary,?2, , 
4afg — 2cah = PYE + LYZ N, 


4cgh — 2acf — Y2 ias T YENA, 
4ahf —2bag- 2,0,24,7a, + BoB YO , 
4bfg — 2cbh= aye Ya + LY Y, 


8fig — 4chf —2beg — axy? + ziv, 
8e°h — 4afg —2cah — gy? + voy 
8h:f —4bgh — 2abf = — yjzvy + Yran, 


8fg? — 4chg —2acf — = z/ajy + 20 Y, 
8gh? — 4afh — 2bag = DPY + VPY Z, 
Shf? — 4bgf — 2cbh = YP% t + Y A N, 

gf? — 6bef = YZ + yszy, 

8g? d 6cag = £12 T zm, 

8h? -e 6abh = xP Yo? + wy. 

Secondly, consider the system of equations 
(a, b, o, f, g, h, ù j, k, Ma, y, 2 = 0, 


a, B, Ye, y, 2) =0, 
( 58—2 
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where the cubic function written at full length is 
aa? + by? + cz + Sfy'z + 3gzv + Sha?y + Siyz + 3jza? + 8kay* + Clayz. 


Joining to the system the linear equation 


(£, 7) ea, y, 2) — 0, 


the linear equations give 
æ : y :z=ßBE— yn : yE—at : an — BE, 
and the resultant is 
(a, b, c, f, g, h, i j, k, INBE- ym, y£ — at, an — BE) =0, 
which may be represented by 
(a, b, c, f, g, h, i j, k, IE n, Ẹ} = 0, 


where the coefficients a, b, &c. are given by means of the Table :— 


+ 2af? 


3g | 
308 | 


viz. a = by! — cB? — 3f y? + 348"vy, &c. 
But if the roots of the given system are 
(Zi, Yrs A) (Way Yar 22), (Tss Ys» Zə), 
then the resultant of the three equations may also be represented by 
(à, VU, AME, m E). (Ea, Yo, NE, N, D.( Ys, 535 n, 5; 


and comparing with the former expression, we find : 


d = WX_X3, 
b = YY Ys 
C = 212223 
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af = NY%s + YY + stes, 
3g = Zi Zt, + 23h + 252,02, 
3h = Us Ms + Vat, + LNY, 


31 = hi7»? 3 + YZZ Es 437192; 
3j = 2X + Zola? + 30405 , 
3k = VYY + LoYsyit Vaio 


6l = LYZ + Vua. + LY + AYZ + LYZ + LY. 


But there is in the present case a relation independent of the quantities a, &., viz. 


we have (a, PB, ya, Yi 4) 20; (a, B, yas, Yas 24) 2 0, (a, B, yos, Ja» £3) =0, and 
thence eliminating the coefficients (a, 8, y), we find 


V = axyazs + ss, + LYZ — LYZ — LYZ — LY = l. 


By forming the powers and products of the second degree a’, ab, &c, we obtain 55 
equations between the symmetric functions of the second degree in each set of roots. 
But we have V?=0=a symmetric function of the roots, and thus the entire number 
of linear relations is 56, and this is in fact the number of the symmetric functions 
of the second degree in each set. I use for shortness the sign S to denote the sum 
of the distinct terms obtained by permuting the different sets of roots, so that the 
equations for the fundamental symmetric functions are— 


Bc Ahh 
— Vy 
ee ee 

3f = S yy, 

3g — S 2, 2,0, 

3h 2 S zy23y;, 

9i = 8 4, 2,25; 

8j = S 2, a0, 

3k = S 24/5, 

61 = S 2.25; 


then the complete system of expressions for the symmetric functions of the second 
order is as follows, viz. 


a = 20202 
b = wb, 
O = 22,225", 


be-2 ty, 2Y 
Ca — 2,9, 23042395, 


ab — UY) AUDI TY, 
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Baf — S zy v, 
3bg = S yizyszsrsys, 
8ch = S 27,2,2,2,7525, 
3bf = S YYY, 
Seg = S 222,2, 


3ah = S x 0EY, 


Bcf = S YY, 
Sag — S zaras, 
Bbh = S ay,reyoys?, 


Bal = S Ljits, 
Bb] = S YAY LYS, 
3ck = S z,2.9.24525, 
3bi = S Y YYZ, 
Sc] = S 220,295, 
Bak = S 2P LYLY, 


Sci = S yne 
Jaj = S amwa, 


3bk = S zy yy, 


6al = S 22442255, 
6bl = S y*yo%2XsYs, 
6cl = S z?zyny25, 


9f? —6bi 2S YYFZE, 
9g? = 6cj = S 2,2240, 
9h? — bak = S cvy, 
9? —6cf =S yz z, 
9j — bag = S zaasy, 
9k? = 6bh = S cy yy, 
9fg — 3ck = S YY 2:2, 
9gh — 3ai = S y,2,2,020;°, 
9hf — 3bj = S zzz, 
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9jk — 3af = S a,*aryo4/s25, 
9ki — 3bg = S Y Y22513, 
9ij —3ch = S zz,ozrgy;, 


9fi—3bc = S y?yszszs, 

9gj — 3ca = S zzi, 

9hk— 3ab = S z/5zy.y;, 
3( fj + gk- hi — l) = S xy,2-024525, 
3 (2fj —gk — hi + L) = S ny,a,y,2,7, 
3(2gk —hi — fj + P) = S yaY, 
3(2hi —fj — gk + L) 2 S zz, 2,7 yy, 
3(6fl —3ki—-bg) | Say yis, 
3(6gl —3ij—-ch) —|-2Syaz/y, 
3(6hl —3jk —af) =S 2,0,0,2y;, 


3(6il —3fg—ck) =Sza,y,22?, 

3 (6j1 —3gh—ai ) = Says, 

3 (6kl va 3hf -— bj ) = S YAL ys, 
6 (— fj — gk — hi + 41?) = S mysz. 


As an instance of the application of the formule, let it be required to eliminate 
the variables from the three equations, 


(a, b, c; f, g, h, 3, 9, k, a, y, 2? 0, 
(a, V, 0, f, g, N Ya, y, £5 —0, 
(a, B, ty Qe, y, z) =0. 


This may be done in two different ways; first, representing the roots of the linear 
equation and the quadric equation by (az, yı, 2), (@, Ys, Zə), the resultant will be 


(a, SLM Yis zy j (a, SIT Yo, 2”, 
which is equal to 
a? «a3 + &c., 


where the symmetric functions m's, &c. are given by the formule a= m's, &c., 
in which, since the coefficients of the quadratic equation are (a’, b, c, f', g, k’), 
I have written a’ instead of a. Next, if the roots of the linear equation and the cubic 
equation are represented by (a, 4, 2), (4 Yo, 22), (@s, ys 2) then the resultant 
will be 

(o, ...3m, y» &*. (0... Ya, S (95... Ys, 23) 
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which is equal to 
a? virgas + &c., 


the symmetric functions msa}, &c. being given by the formule a?- zzz, &c. The 
expression for the Resultant is in each case of the right degree, viz. of the degrees 
6, 3, 2, in the coefficients of the linear, the quadrie, and the cubic equations respec- 
tively: the two expressions, therefore, can only differ by a numerical factor, which 
might be determined without difficulty. The third expression for the resultant, viz. 


(a, B, yin, Yis Z,). (a, B, y O22, Vs; Z3)... (a, B, YÅ Te, Ye» 2a) 


(where (a, yi %),++»(@%, Ys, 2) are the roots of the cubic and quadratic equations) 
compared with the foregoing value, leads to expressions for the fundamental symmetric 
functions of the cubic and quadratic equations, and thence to expressions for the other 
symmetric functions of these two equations; but it would be difficult to obtain the 
actually developed values even of the fundamental symmetric functions. I hope to 
return to the subject, and consider in a general point of view the question of the 
formation of the expressions for the other symmetric functions by means of the ex- 
pressions for the fundamental symmetric functions. 
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